MEI STRUCTURED MATHEMATICS

EXAMINATION FORMULAE AND TABLES



Arithmetic series

General (kth) term, za+(k-1)d
last (nth) term, | = u = a+ (n-Nd
Sum to n terms, SrI n(a +1) = n[2a +(n-1)d]
Geometric series
Genera (kth) term,  u =ark?
—" _
Sum to n terms, S, = M _ o oar"-1)
—r r—1
Sum to infinity S, = 1a ,—1<r<1
—r

Binomial expansions
When n is a positive integer

(a+b)n=a”+(2) a”‘1b+(2) 212+ LB, nON

+ (?) an—r bl’ +
where

(e (Wln)=()

General case
nn-—1 nin-1) ... (n—-r+1
(1+x“=1+nx+%x2+...+ ( iz(r )xf+...,|x|<1,
! 2. "UR
Logarithms and exponentials I
Ina — ox — OgbX
giha=g log, x=
a log,a
Numerical solution of equations
f
Newton-Raphson iterative formulafor solving f(x) = 0, X ,; =X, — f((—))((”))
n

Complex Numbers

{r(cos@+jsinB)}" =r"(cosnb + j sinnf)

d? =cosf+jsiné

Therootsof 2'= 1 aregiven by z= exp(%j) fork=0,1,2,..,n-1
Finite series

2r3 = 1n2(n +1)?
r=1

n
yr2= %n(n +1)(2n+ 1)
r=1

Infinite series .
f(x) =f(0) + xf'(0) + = f"(0)+ + )r(_l £(00) + ...
—a)2 —a)f®
(%) = f(a) + (x—a)f'(a) + EZA fr(q) +.. + XAT@)
2 r!
r
fa+x) =f(a)+xf'(a)+ f"(a) +..4+ ;(—| (@) + ...
2
e><:exp(x):1+x+%+ +)r(—|r+...,allx
_ X2 X3 i1 xF
In(1+X) —x—?+?—...+(—1) T+...,—1<X$1
. _ ﬁ X_5 ; X2r+1
sinx =X- 3l + T + (-1 (2r+1)' +..,dlx
o x . x r
COSX =1 o + a T +(-1) (2r)l + ..., dlx
3 5 2r+1
arctanx =X—X§+X§— 1) ;r+1+ ,—1lsx=<1
sinhx =X+ 3l + 5] + ...+ @+ 1) +..,dlx
2 2
coshx :1+%+§+...+ér;l L, alx
_ B8 Y2r+1
artanh x =X+ 3 5 +—(2r+1) +...,—-1<x<1

Hyperbolic functions

cosh®x —sinh®x =1, sinh2x = 2sinhx coshx, cosh2x = cosh?x + sinh?x

arsinhx = In(x+ «/x*+1), arcoshx = In(x + VX’ =1),x =1
1 1+Xx
artanhx = Eln 1—x | X<1
Matrices P ing
Anticlockwise rotation through angle 6, centre O: (;%SQ _3029)
Reflection in the liney = xtan 6: (g%szzg —gog%g)

vdd3ao v



Cosnerule cosA= PP+c2-a (etc)

2bc c b
a2 = b? + c¢2 —2bc cos A (etc.)
. B C
Trigonometry a

sin(6+ ¢) =sin Bcos @+ cos Bsin ¢
cos(0+ @ =cosfBcos@+ sinfdsn g

tan 8+ tan @
(0% D= T= g ¢ [0 D% (k+ 971
Fort=tan%6:sin6= 2t cpsg= (1=t
(1+1?) (1+1)

sin 6+ sin p=2sin 2(6+ ¢) cos 3(6-¢)
sin 6—sin = 2cos 3(6+ ¢ sin (6 ¢)
cos 0 + cos = 2 cos %(9+ ¢ cos %(9—@

cos 8—cos ¢=-2sin %(9+ @ sin %(9—@0)

Vectors and 3-D coordinate geometry
(The position vectors of pointsA, B, Carea, b, c.)

The position vector of the point dividing AB in the ratio A:u
. ua+Ab

NP ET

Line Cartesian equation of line through A in direction u is

X-a, _ y-a _ Z-a (=t)

u; u, Ug

a.u
|ul
Plane: Cartesian equation of plane through A with normal n is
nx+ny+nz+d=0 whered=-a.n

The resolved part of ainthe direction u is

The plane through non-collinear points A, B and C has vector equation
r=a+sb-a)+tlc—a)=(1-s—-t)a+sb+tc

The plane through A parallel to u and v has equation

r=a+su+tv

Perpendicular distance of a point from a line and a plane

Line: (x.,y;) fromax+by+c=0:
Plane: (a,8,y) fromnx+ny+n;z+d=0:

Vector product

|ax, +by, +c|

f

\faz +b?
On,a + n,B+ ngy+ dld

2102402
V(N2 + n,2 +ny?)

T LR by —agb,
axb=lao|snén=|] & b,|=|ab,-ab;
k a; by a,b, —a,b,
a; by ¢
a(bxc)=|a b,c|=b.(cxa)=c.(axh)
a; by ¢
ax(bxc)=(c.a)b—-(a.b)c
Conics
, Rectangular
Ellipse Parabola Hyperbola hyperbola
Standard 2 Y _ Y _
form 2 Y = dax 2 b2 xy=¢
Parametric form | (acos6, bsing) | (at?, 2at) (asech, btand) 9
- e<1 _ e>1 _
Eccentricity b= a2 (1) e=1 b2 = a2 (1) e=v2
Foci (= ae, 0) (a 0) (x ae, 0) (xcV2, +cV2)
Directrices x=+2 X=-a x=+4 X +y = +cv2
Asymptotes none none g =z % x=0,y=0

Any of these conics can be expressed in polar
coordinates (with the focus as the origin) as:
where | is the length of the semi-latus rectum.

Mensuration

Sphere : Surface area = 4mr?

Cone:

F:1+ec059

Curved surface area = rir x lant height
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Differentiation f(x) f'(X) I ntegration f(x) Jf(X) dx (+ aconstant)
tan kx ksec? kx sec? kx (I7k) tan kx
Secx secx tanx tanx In secx‘
cot X —cosec?x cot X In [sinx X
COSEC X _Cosigcx cotX COSeC X —In|cosecx + cotx| = In [tan 5|
arcsinx NTZERN secx In|secx + tanx| = In tan( n)‘
V(1 —x9) 1 i|n|x a| 2 4
arccosx \/—( 1) ) Ny
5 oo arcsm( ) X[ < a
arctanx 1 V@ -x)
1+x 1 1 X
sinhx coshx 2+ X2 a arctan(a)
coshx sinhx
2 1 1 a+x 1
tanhx sechlx P~y %a In | A= x| aartanh( ) X <a
arsinhx 2 sinhx coshx
V(1 +x) coshx sinhx
arcosh x 1 tanhx In coshx
V(- 1) \/(a++x2) arsinh(g) or In(x+x?+a),
1
artanhx (1-x9 m arcosh(g) or In(x+vx*—a%),x>a,a>0
du dv : 2 e
o dy Vax Y ax Surface area of revolution S = ZTJ.y ds = ZHIW(X +y9) dt
uotientrule y=-, =— = —— 53
Q ARVAR:™ v? 5, =2nfxds = 2njx\/(s<2+y2) dt
) b 1 b- Curvature
Trapezium rule Ja yax = 2h{(Yo+VY,) + 20y, + Yo+ - +Y,_))} Whereh = = a d?y
dy Xy =Xy R

I ntegration by parts a—d\; dx = uv — I gl_x dx

Area of a sector A= % Irz dé (polar coordinates)

A= % I(xy—y'x) dt (parametric form)
Arc length s= I V (X2 +y?) dt (parametric form)

2
= I v(a+ [ﬂ] ) dx (cartesian coordinates)

=[G

) d@ (polar coordinates)

K="4s = (X2+y2)3/2 - ( [dy] )3/2

Radius of curvature p = % Centre of curvature c=r + pﬁ
L'Hépital’srule

If f(a) = g(a) =0 and g'(a) # 0 then XLEma % g' a)

f'(a)

Multi-variable calculus

( dg/ox o
gradg= | 09/dy | Forw=g(x,y,2),dw= — &+
dg/0z 0x oy 0z

SNI1ND1VO



Centre of mass (uniform bodies)

Triangular lamina: % along median from vertex
Solid hemisphere of radiusr: %r from centre
Hemispherical shell of radiusr: %r from centre
Solid cone or pyramid of height h: % h above the base on the
line from centre of
base to vertex
Sector of circle, radiusr, angle 26: Zr;;ge from centre

Arc of circle, radiusr, angle 26 at centre: 31 from centre

0
Conical shell, height h: % h above the base on the
line from the centre of
base to the vertex
Motion in polar coordinates
Motion in acircle
Transverse velocity: v=r6 )
Radial acceleration: —rf?2=— VT
Transverse acceleration: v=r6
General motion
Radia velocity: r
Transverse velocity: re
Radial acceleration: 'r'TrG2 1 g _
Transverse acceleration: r@+2r0 = i r20)
Moments as vectors

The moment about O of F actingatrisr xF

Moments of inertia (uniform bodies, mass M)

Thin rod, length 21, about perpendicular axis through centre: %MI2
Rectangular lamina about axis in plane bisecting edges of length 2I: %MI2
Thin rod, length 21, about perpendicular axis through end: gMI2
Rectangular lamina about edge perpendicular to edges of length 21: % MI2
Re_ctangular lamina, sides 2a and 2b, about perpendicular 1

axis through centre: M@+ b?)
Hoop or cylindrical shell of radius r about perpendicular

axis through centre: Mr2
Hoop of radius r about a diameter: %Mr2
Disc or solid cylinder of radius r about axis: %Mr2
Disc of radius r about a diameter: %Mr2
Solid sphere of radius r about a diameter: %Mr2
Spherical shell of radiusr about a diameter: %Mr2
Parallel axes theorem: I, =g+ M(AG)?

Perpendicular axes theorem: =1+ |y (for alaminain the (x, y) plane)
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Probability P(ACB) = P(A) + P(B) — P(AnB)
P(AnB) = P(A) . P(BJA)
_ P(BIA)P(A)
PAIB) = P(B|A) P(A) + P(B|A)P(A)
P(A)P(BIA)
Bayes Theorem: P(Ale) = m
Populations

Discrete distributions

Xisarandom variable taking values x; in a discrete distribution with
P(X=x)=p;

Expectation: H=EX)=3xp,

Variance: o? =Var(X) = 3 (x — 1)? p, = Yx2p, — 4

For afunction g(X):  E[g(X)] = > 9(x)p,

Continuous distributions
X is a continuous variable with probability density function (p.d.f.) f(x)

Expectation: u = EX) =[xf(x)dx
Variance: 0? = Var (X

= J(x— )2 f(x)dx = [x* f(x)dx — 12
For a function g(X): E[a(X)] = Jg()f(x)dx
Cumulative

distribution function F(x) PX<=x) = jfoof(t)dt

Correlation and regression  For asample of n pairs of observations (x;, y;)

2 2
Su= 30— 0P =3x2- B g =5 gp=gye- B
Sy = 204 = X)— 9) = 3%y - 2.

S(y = i__ i__ iYi g
T_Z(x >;)(y y)zzﬁy_xy

Covariance

Product-moment correlation: Pearson’'s coefficient

SSW Z(Xi — )‘()(yi _ y) ﬂ

n

y
r:JS*XQN: 5(x —x)’Z(y; —y)° ) DD x? Oy y?
[z =% =(y -] P

i _yZl:D
n n %

—-X

Rank correlation: Spearman’s coefficient

6>d?
r.=1- —% '
s n(n®—1)
Regression
Least squares regression lineof yon x: y — y = b(x — X)
2%V oo

b:&: Z(Xi_)_()(yi_y) - n -y

S 2 - X)2 > x° _x2

n

Estimates
Unbiased estimates from a single sample

X for population mean 1; Var X = %

& for population variance 0 where § = nTll >(x — X)%,

Probability generating functions
For a discrete distribution
G(t) = E(t%)
E(X) =G'(1); Var(X) =G"(1) + p—
Gy, v (1) = Gy (1) Gy (t) for independent X, Y

Moment generating functions.
M, (6) = E(e%)
EX)=M'(0) = EX") =MD(0)
Var(X) = M"(0) —{M'(0)}?
My , (8) =M, (6) M(6) for independent X, Y
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Markov Chains
pn +1 = pnP
Long run proportion p = pP

Bivariate distributions
Covariance Cov(X, Y) = E[(X =, )(Y — )] = E(XY) — pypty,

Product-moment correlation coefficient p= C%()é_\()
Sum and difference o
Var(aX + bY) = a2var(X) + b2Var(Y) = 2ab Cov (X,Y)
If X, Y are independent: Var(aX + bY) = a2Var(X) + b2Var(Y)
E(XY) = E(X) E(Y)
Coding
é;;}: : ; } O Cov(X, Y) = ac Cov(X', Y")

Analysis of variance

One-factor mode!: X = H +a, + &j»

where g; ~ N(0,09)
T2 2
S, = izni (% — %)%= Izn_ll_ TW

SS=2204- >‘<>2=ZZXi12—TW2
i i

Regression
Y RSS No. of parameters, p
a+px+e Y (y, —a—bx)? 2
a+ B(x) + g 3 (v, —a—bf(x))? 2
a+px+yg+e ¥ (y, —a—bx —cz)? 3
- 2o RSS
& ~N(0, 0% a b, careestimatesfor a, B, y. i
For themodel Y, = a + pBx + &,
_Sy  _n[g 2 b-p _
b= g b N(B,%X) TS t
25y 2
a=y—b>‘<,a~N(a,Un—z§:(L)
ey
a+bx0~N(a+,8x0,02{%+%}
(S,
RSS=§, — =S, (1-r2
Sy 5 =501
Randomised response technique
%—(1—9) [(26-1)p+ (1-6)][6- (26 —1)p]

B0 = “go-py  Va®= n(20—1)°

Factorial design
I nteraction between 1st and 2nd of 3 treatments

(Abc —abc) + (AbC—abC)  (ABc-aBc) + (ABC —aBC)
) > - >
Exponential smoothing

9n+1 = ayn + a(l - a)yn_l + a(l - Ol)zyn_z + ...+ a(l —-a n-1 yl
+ (1 - a)nYQ

N N N

Yner =Yn + (Y, —Yy)

9n+1 = ayn + (1 - a) 9n
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Description Test statistic Distribution
Pearson’s product DXY o
moment —Xy
r= n
correlation test
0y x° _eH2 y? _yZED
n n %

Spearman rank 65d?2
correlation test =1- '

n(n? —1)
Normal test for X—U

X—H t
t-test for amean n-1
s/n
f 1)

X2 test S (. f ) X
t-test for (% —%,)— t with (n—1)
paired sample /n dﬁgereecjeés n(q)f
Normal test for the o
difference in the (X —‘Y) —(H— 1)
means of 2 samples 02 0} N(O, 1)
with different \E + T,

variances

Description Test statistic Distribution
(X=Y) = (k= 1)
t-test for the g1t by +n, -2
difference in the \ n,
means of
2 samples n, —1)s,2 + (n, — 1)s,2
where &2 = (ny ~ D5+ (M~ sy
n,+n,—2
Wilcoxon single A stetistic T is calcul ated See tables
sample test from the ranked data.
Samplessizem, n: m=<n
Wilcoxon Rank-sum \\;VVH_COXOH £ ranks of
(or Mann-Whitney) B ;r:pcl)e rs?;e?no See tables
2-Sample test Mann-Whitney
T=W-;mm+1)
Normal b6
ormal test on T o
- N, 1
binomial proportion PA-6)0 ©.D
O n O
2 i (n-1)s?
X< test for variance X2
T n-1
o
2752
F-test on ratio of $°/oy 52> 57 Fr-1n-1
two variances s?lo?
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p.g.f. G(t) (discrete)

Name Function Mean | Variance | . ¢ M(8) (continuous)
Binomial B(n, p) P(X=r)="C gq™p", _ n
Discrete forr=0,1,..n,0<p<lg=1—p P nha GO=@+py
Ar

- X=r)=e A—,
Poisson () P(X=T) rl A A G(t) = eMt-D)
Discrete forr=0,1,... , A>0

1 x— )2
f(x) = exp (-3 :
Normal N(u, 0?) 7 ( 2\" o 2 _ 1202
Continuous ovam H o M(6) = exp(ub + 30262
—00 < X < 00

. 0_ cal
Uniform (Rectangular) on 1 athb 1 (h_ a2 M(O) = eb;ea
[a, b] Continuous f)=p=7z ~» asx=sb 2 - (P—2a) (9 CEDL
Exponential _ 1 e __A
Continuous f(x) =Ae?™ |, x=0, A>0 3 P M(O) =15
Geometric PX=n=q""%p , r=12.., 1 a G = P
Discrete O<p<1 , g=1-p p p2 1-qt

X=r)=r-1¢c r—npn

Negative binomial i ) n-19 B P ‘1 n nq pt \n
Discrete r=nn+d. p p? G(t) = (1—qt)

O<p<1, g=1-p
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Numerical Solution of Equations
f(x)

The Newton-Raphson iteration for solving f(x) = 0: x ., ; =X, — )
n

Numerical integration
The trapezium rule

b-—a

b 1
[ yox= 3h{(yo + ) + 205 +Y, + . + ¥, )}, whereh = 25

The mid-ordinate rule

b-—a
n

b
Ia ydx = h(y% + Ya! +..+ Y1l + yn_%), where h =

Simpson’srule
for n even

b
[, yox= 3o+ Y) + A0+ Y+ o+ Yo )+ 205+ Yyt e+ Y ),

where h =
The Gaussian 2-point integration rule
I_hhf(x)dx = ha %QH%%
I nterpolation/finite differences
Lagrange's polynomial : P (x) = 3 L (X)f(x) where L (x) = |E| X__))((l_

1
|¢r

Newton's forward difference interpolation formula

- (X =Xg) (X —Xy)
X% DF(xy) + % D2(xy) + ...

O = (%) +

Newton'’s divided difference interpolation formula
f(}) = f[xg] + (X =Xl [Xg %3] + (X =%Xg) (X =X)f[Xg, Xp, %] + ...
Numerical differentiation

f(x+ h) — 2f(x) + f(x — h)
h2

f'(x) =

b—a
n

Taylor polynomials 5
fla+h) = f(a) + hf'(a) + 11— h

fla+h) = f(a) + hf'(a) + h

f"(a) + error

f'"(a+ &), 0<&é<h

) =f(a) + (x—a)f (@) + f%‘)— £(a) + error

00 =fa)+ - @+ E58 ) ,a<n<x

Numerical solution of differential equations

For % =f(x, y):

Euler'smethod @y, , ; =y, + hf(X,Y,); X,

-4+h

Runge-Kutta method (order 2) (modified Euler method)

yr+1=yr+ % (kl+k2)

wherek, =hf(x,y,), k,=hf(x +h,y, +k)

Runge-K utta method, order 4:

Yrer1 =Y %(kl"' 2k, + 2k + k),

k, = hf(x, + 3h, y, + 3ky)
k, = hf(x. +h,y, +Kkj).

where k; = hf(x, y,)
ky = hf(x + 3h,y, + 3K,)

Logic gates

— >
) -

AND

NAND

s
B

SOILVINTGHLVIN 31343S1d ® NOIS103d
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12-17
18-20
21
22
23
23
24-25
26-27
28—-29
30
30
31
31-32

Statistical Tables

Cumulative binomial probability

Cumulative Poisson probability

Critical values for correlation coefficients

The Normal distribution and its inverse

Percentage points of the x2 distribution

Percentage points of the t-distribution

Critical values for the F-test

Critical values for the Mann-Whitney test

Critical values for the Wilcoxon Rank Sum 2-sample test
Critical values for the Wilcoxon Single sample and Paired sample tests
Shewhart Chart: Action and Warning lines

Estimation of standard deviation from range

Random permutations

11
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Critical Valuesfor the Wilcoxon Rank Sum 2-Sample Test

1—tail | 5%[2Y%| 1% %% 1—tail | 5%|2Y%| 1% | %%
2 —tail |10%| 5%| 2%]| 1% 2 —tail |10%| 5% 2%| 1%
m n m n
2 2| - - - - 31|13 11 8 7
2 3| - - - - 3151311 9 8
2 4| - - - - 316[14 12 9 8
2 5| 3 - - - 31715 12 10 8
2 6| 3 - - - 318(15 13 10 8
2 71 3 - - - 319(16 13 10 9
2 8| 4 3 - - 320[17 14 11 9
2 9|l 4 3 - - 32|17 14 11 9
2 10| 4 3 - - 3 22(18 15 12 10
2n| 4 3 - - 3 23]19 15 12 10
2 12| 5 4 - - 3 24|19 16 12 10
2 13| 5 43 - 3 25|20 16 13 11
2 14| 6 43 - 7 alo 0 - =
%%ggig— 4 5|12 11 10 -
- 4 6|13 12 11 10
517653‘ 4 7114 13 11 10
z%g;gig 4 8|15 14 12 11
cwl 28 4 9|16 14 13 11
sl s 24 s 4 10|17 15 13 12
2ol 8 oa s 4 11|18 16 14 12
sl 8 b3 4 12|19 17 15 13
AR 4 13|20 18 15 13
sl s ba s 4 14|21 19 16 14
4 15|22 20 17 15
3 3|6 - - - 4 16|24 21 17 15
3 4| 6 - - - 4 17|25 21 18 16
3 5|7 6 - - 4 18|26 22 19 16
3 6|8 7 - - 4 19|27 23 19 17
3 718 76 - 4 20|28 24 20 18
3 8|/ 9 86 - 4 21|29 25 21 18
3 9|10 8 7 6 4 2|30 26 21 19
310|110 9 7 6 4 23|31 27 2 19
31|11 97 6 4 24|32 271 23 20
31211 10 8 7 4 25|33 28 23 20
3 13|12 10 8 7

The critical values in these tables are
for the Wilcoxon Rank Sum 2-sample
test statistic, W. Critica values for
the Mann-Whitney test statistic, T, may
be derived by subtracting 3m(m + 1)
(where misthe size of the sample from
which the rank sum has been obtained).

1—tail | 5%[2%:%| 1%| Y%
2 —tail |10%]| 5% 2%| 1%

3
>

5(19 17 16 15
620 18 17 16
7121 20 18 16
823 21 19 17
9124 22 20 18
10126 23 21 19
1127 24 22 20
12 (28 26 23 21
13130 27 24 22
14131 28 25 22
15 (33 29 26 23
16 | 34 30 27 24
32 28 25
18 [ 37 33 29 26
19138 34 30 27
20140 35 31 28
21 |41 37 32 29
22 143 38 33 29
23144 39 34 30
24 145 40 35 31
25| 47 42 36 32

6128 26 24 23
7129 271 25 24
8 (31 29 27 25
9133 31 28 26

OO |CIgIoITOITO1IC1ICI 010101010101 01 010101010101 01
[y
~
[98]
a1

1 —tall
2 —tall

5%
10%

2%

5%

1%
2%

3

n

32
34
35
37
38
40
42
43
45
46
48
50
51
53
54
56

NNNNNNANNNNNANNNNNNNN [0 D

36
38
40
42
44
46
48
50
52
54
56
58
60
62
64
66
68
70
72

1—tail | 5%|2%% 1%][ %%
2 —tail |10%]| 50 2% 1%
m n
8 8| 51 49 45 43
8 9| 54 51 47 45
8 10| 56 53 49 47
8 11| 59 55 51 49
8 12| 62 58 53 51
8 13| 64 60 56 53
8 14| 67 62 58 54
8 15| 69 65 60 56
8 16| 72 67 62 58
8 17| 75 70 64 60
8 18| 77 72 66 62
8 19| 80 74 68 64
8 20| 83 77 70 66
8 21| 8 79 72 68
8 22| 8 81 74 70
8 23| 90 84 76 71
8 24| 93 8 78 73
8 25| 9% 89 81 75
9 9| 66 6259 56
9 10| 69 65 61 58
9 11| 72 68 63 61
9 12| 75 71 66 63
9 13| 78 73 68 65
9 14| 81 76 71 67
9 15| 84 79 73 69
9 16| 8 82 76 72
9 17| 9 84 78 74
9 18| 93 87 80 76
9 19| 9 90 83 78
9 20| 99 93 8 81
9 21 (102 95 88 83
9 22 105 98 90 85
9 23108 101 93 88
9 24 1111 104 95 90
9 251|114 107 98 92
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5% |242%)| 1% | 2%
10%| 5% 2%| 1%

313 303 291 283
320 309 297 289
328 316 303 295
335 323 310 301
342 330 316 307
350 337 323 313
357 344 329 319

348 337 324 315
356 344 331 322
364 351 337 328
371 359 344 335
379 366 351 341
387 373 358 348

385 373 359 349
393 381 366 356
401 388 373 363
410 396 381 370
418 404 388 377

424 411 396 386
432 419 403 393
441 427 411 400
450 435 419 408

465 451 434 424
474 459 443 431
483 468 451 439

507 492 475 464
517 501 484 472

1—tail | 5%|2%9% 1% %% 1—tail | 5%[24%)| 1% Y% 1—tail | 5%|2%9% 1%] %% 1—tail | 5%[2%9 1% Y%
2—tail |10%| 509 2%| 1% 2—tail |10%[ 5% 2%]| 1% 2—tal |10%| 504 2%| 1% 2—tail |10%[ 504 2% 1%
m n m n m n m n
10 10| 82 78 74 71 12 12 |120 115 109 105 14 14 | 166 160 152 147 16 19 |237 228 218 210
10 11| 86 81 77 73 12 13 [125 119 113 109 14 15 | 171 164 156 151 16 20 |243 234 223 215
10 12| 89 84 79 76 12 14 |129 123 116 112 14 16 | 176 169 161 155 16 21 |249 239 228 220
10 13| 92 88 82 79 12 15 [133 127 120 115 14 17 | 182 174 165 159 16 22 |255 245 233 225
10 14 | 96 91 85 81 12 16 |138 131 124 119 14 18 | 187 179 170 163 16 23 |261 251 238 230
10 15| 99 94 88 84 12 17 |142 135 127 122 14 19 | 192 183 174 168 16 24 |267 256 244 235
10 16 [103 97 91 86 12 18 |146 139 131 125 14 20 |197 188 178 172 16 25 |273 262 249 240
10 17 |106 100 93 89 12 19 |150 143 134 129 14 21 |202 193 183 176 17 17 | 249 240 230 223
10 18 110103 9 92 12 20 |155 147 138 132 14 22 | 207 198 187 180 17 18 | 255 246 235 228
10 19 113107 99 94 12 21 |159 151 142 136 14 23 | 212 203 192 184 17 19 | 262 252 241 234
10 20 |117 110 102 97 12 22 |163 155 145 139 14 24 | 218 207 196 188 17 20 | 268 258 245 239
10 21 [120 113 105 99 12 23 | 168 159 149 142 14 25 | 223 212 200 192 17 21 | 274 264 257 244
10 22 |123 116 108 102 12 24 |172 163 153 146 15 15 | 192 184 176 171 17 22 | 281 270 258 249
10 23 | 127 119 110 105 12 25 [ 176 167 156 149 15 16 | 197 190 181 175 17 23 |287 276 263 255
10 24 |130 122 113 107

13 13 [ 142 136 130 125 15 17 | 203 195 186 180 17 24 |294 282 269 260
10 25 1134 126 116 110 13 14 | 147 141 134 129 15 18 | 208 200 190 184 17 25 | 300 288 275 265
11 11 |100 9 91 87 13 15 [ 152 145 138 133 15 19 | 214 205 195 189
11 12 |104 99 94 90 13 16 | 156 150 142 136 15 20 | 220 210 200 193 %%%%%%
11 13 | 108 103 97 93 13 17 |161 154 146 140 15 21 | 225 216 205 198 18 20 | 294 983 271 263
11 14 | 112 106 100 96 13 18 | 166 158 150 144 15 22 |231 221 210 202 18 21 | 301 200 277 269
11 15 | 116 110 103 99 13 19 |171 163 154 148 15 23 |236 226 214 207 18 22 | 307 206 283 275
11 16 | 120 113 107 102 13 20 |175 167 158 151 15 24 |242 231 219 211 18 23 | 314 303 289 280
11 17 | 123 117 110 105 13 21 |180 171 162 155 15 25 | 248 237 224 216 18 21 | 321 309 295 286
11 18 |127 121 113 108 13 22 1185 176 166 159 16 16 |219 211 202 196 18 25 |328 316 301 292
11 19 |131 124 116 111 13 23 | 189 180 170 163 16 17 | 225 217 207 201
11 20 | 135 128 119 114 13 24 |194 185 174 166 16 18 | 231 222 212 206
11 21 | 139 131 123 117 13 25 [ 199 189 178 170
11 22 | 143 135 126 120
11 23 | 147 139 129 123 . o T .
11 24 | 151 142 132 126| For larger values of m, n it is usually adequate to use a Normal approximation, with continuity correction,
11 25 | 155 146 136 129

with mean %mn + %m(m + 1) and variance

1

Emn(m+ n+1)

552 536 517 505
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Critical values for the Wilcoxon Single Sample and Paired Sample tests

1-tal | 5% 2% 1% Y% 1-tal | 5% 2% 1% Y%
2-tal [ 10% 5% 2% 1% 2—tail | 10% 5% 2% 1%
n n
26 | 110 98 84 75
2 — — — — 27 119 107 92 83
3 - - - - 28 | 130 16 101 91
4 - - - - 29 | 140 126 110 100
5 0 - - - 30 | 151 137 120 109
6 2 0 - - 31 | 163 147 130 118
7 3 2 0 - 32 | 175 159 140 128
8 5 3 1 0 33 | 187 170 151 138
9 8 5 3 1 34 | 200 182 162 148
10 10 8 5 3 35 | 213 195 173 159
1 13 10 7 5 36 | 227 208 18 171
12 17 13 9 7 37 | 241 221 198 182
13 21 17 12 9 38| 2656 235 211 194
14 25 21 15 12 39 | 271 249 224 207
15 30 25 19 15 40 | 286 264 238 220
16 35 29 23 19 41 | 302 279 252 233
17 41 34 27 23 42 | 319 294 266 247
18 47 40 32 27 43 | 336 310 281 261
19 53 46 37 32 44 | 353 327 296 276
20 60 52 43 37 45 | 371 343 312 291
21 67 58 49 42 46 | 389 361 328 307
22 75 65 55 48 47 | 407 378 345 322
23 83 73 62 54 48 | 426 3% 362 339
24 91 81 69 61 49 | 446 415 379 355
25 | 100 89 76 68 50 | 466 434 397 373
nn+ 1)

For larger values of n, the Normal approximation with mean

variance

nin+1)(2n+ 1)

24

should be used for T = min [P,Q].

Action and Warning linesfor Shewhart Chart for Ranges

Group Size Action Lines Warning Lines
n D, D, D, D,
2 0.00 4.12 0.04 281
3 0.04 2.99 0.18 218
4 0.10 2.58 0.29 194
5 0.16 2.36 0.37 1.80
6 021 222 0.42 172
7 0.26 212 0.46 1.66
8 0.29 2.05 0.50 1.62
9 0.33 1.99 0.52 1.58
10 0.35 1.94 054 1.55
The action and warning lines are obtained by multiplying the valuesin the
table by the mean range of the values obtained from the process.

SANITONINGVM ANV NO LDV '1dVHO LdVHMIHS
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Random Numbers

Random permutations (size 4)

68236 35335 71329 96803 24413
62385 36545 59305 59948 17232
64058 80195 30914 16664 50818
64822 68554 90952 64984 92295
17716 22164 05161 04412 59002
03928 22379 92325 79920 99070
11021 08533 83855 37723 77339
01830 68554 86787 90447 54796
36782 73208 93548 77405 58355
58158 45059 83980 40176 40737
91239 10532 27993 11516 61327
27073 98804 60544 12133 01422
81501 00633 62681 84319 03374
64374 26598 54466 94768 19144
29896 26739 30871 29795 13472
38996 72151 65746 16513 62796
73936 81751 00149 99126 23117
18795 93118 84105 18307 49807
76816 99822 92314 45035 43490
12091 60413 90467 42457 50490
41538 19059 69055 94355 84262
12909 04950 14986 08205 53582
49185 94608 87317 37725 66450
37771 48526 14939 32848 77677
22532 13814 69092 78342 37774
60132 24386 10989 54346 41531
23784 56693 45002 33406 53867
03081 20189 77226 89923 67301
51273 64049 19919 45518 43243
03281 40214 60679 68712 71636
Estimation of standard deviation from range

n a, n a, n a, n a,
2 | 0.8862 0.4299 8 | 0.3512 11 | 0.3152
0.5908 0.3946 0.3367 12 | 0.3069
0.4857 0.3698 10 | 0.3249 13 | 0.2998

AP PAPOWWPRPRWNEPIFPEPNWORIEANENEINPAPONDNNENREPRPIONPAENDENEPEANMN®

PNWNNNMNNEAERARRMWOWARRERDNWWONERMNWWRWWIPPWARARDNWWRFRWIARARWNWEPE

NP WRARPPRPRPPONORPENEPAPPWONIEAENPAADPPRPIPORPNWIPRARRPBRARRPILONWEDN

WWNPEARPPFPWONWONENWONWINPWOWPRPWIRPEPNEPRARWNEARWONIPAPEPRPNWONIPARSMASD

WFRPR WONKABEANPPOWRARRARPRAPRPWPAPRPPAEANIAEAPRARWONMEPIPNWONRAMOLWDWWWEANIFPPRPWOWEADN

P ARARDWWWWEANNWNENWONEPRAEPRPNRPPAPOWPAPRPROW|IAPARARPPADNMNPARL,WHS

NWFRPFRPRPRPNPAPPRPPRPPNOWORINDERWONWOWINENWRARPRERPBAEAERPDNINNMNMNNMNMNWOWIANNEW

ANNWONPFPERPNNRAWRPPEPNPAPNMNPRPWORPIWOWPRAERPNDPNWONAMRPIPRPPRAPWORPR[WWADNLE

ANPARPONPOPRADMNPENORPNENRARPEANPAPPPONWOWADMNEPNWRWOWWWIFELFAR, WL

WPFRPPFPWONWWARWRINORMMPRRPIRAPRROWOWWRLR|IWONEDNWOWIDNNMNNARIAANEDIMNOLWRARREPW

PRAWARIAMRPNRPNPRPNNNBOONAMRRMONRPR(BOWONDIRPNRRPRINNDNWAN

NWNNEAPFPNMNEPNWOWWRARPRPWWINFEPEPNNPPRPORDMPEPPRPPRPWOWWIINWENNIRARERNNLE
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Random permutations (size 10)

Random permutations (size 5)

RANDOM

PERMUTATIONS

91779822119249134540069m69691652716656943
6847469944_/600m004941955927392446463221937
NATAMOANATAOLOMIITOTANATNANNONTOONNNTAANNAOONIT I ITNT O
TTTANNOOSSTANOLDALNLOLOANLSTATOONAONAONLD | dNATANT N T A
LANOMITITIOANN TN A CAATOHOITIITITITOOOOOOO|ITIOITONANONANLW
AN AT AT ATINTNODONDISNOOLNAINA D AA T AT AIOTODAODM AL ™M
OOLONANOLONNDTOMNMOAATAMONOAODILOOANTIILANATNNOOONNMIOL AN
AOOANNAAAITITITOTANONANANT NANTTAN OO SST AT ATTETAANNT AN
LTOTAINO OO A NN TATT AT ANAITNATAHONOANOD MO AW
MO ANTOTONLLOANMOMTLOLOONODOOLLIMOOLANLSTOAOOONNOMLITANIOLANLL™M
NAAadIO0MITOLTANANODONAATANDOOOLOMTOOLOOLINOANDL | SLOLOANLS A®MW0LMAN
< ONAODIOOTNANOOLONOT AATAANAANAMNATONNIDODAAO M T WO AT A
AT A AT NOLOONOTINTOTODAATNOMIOLAANNINOOOONNODANT AN N T
TOANTATATOMIOLOOONAOOLOOLIMOMTON AdTAAAATTOODITNNLD®M
N OOMNMAT AAd A NMITIITATAAAAITNOODITANTANT IS AOWO IO F A A A
NOOLOONLOANTLTATAHNNNTANNANDTATOANOANIONAANMN AW WO
LANTANLODMMONANNONNLOLMNMILOOITITI ANOLANTANLOLITOMWOLOONNALLOOMAN
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