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Arithmetic series
General (kth) term, uk = a + (k – 1)d
last (nth) term, l = un = a + (n – l)d
Sum to n terms, Sn = n(a + l) = n[2a + (n – 1)d]

Geometric series
General (kth) term, uk = a rk–1

Sum to n terms, Sn = =

Sum to infinity S∞ = , – 1 < r < 1

Binomial expansions

When n is a positive integer

(a + b)n = an + ( ) an –1 b + ( ) an–2 b2 + ... + ( ) an–r br + ... bn  , n ∈ �

where

( ) = nCr = ( ) + ( ) = ( )
General case

(1 + x)n = 1 + nx + x2 + ... + xr + ... , |x| < 1,
n ∈ �

Logarithms and exponentials
exln a = ax loga x = 

Numerical solution of equations

Newton-Raphson iterative formula for solving f(x) = 0, xn+1 = xn – 

Complex Numbers

{r(cos θ + j sin θ)}n = rn(cos nθ + j sin nθ)

ejθ = cos θ + j sin θ
The roots of zn = 1 are given by z = exp( j) for k = 0, 1, 2, ..., n–1

Finite series

∑
n

r=1
r2 = n(n + 1)(2n + 1) ∑

n

r=1
r3 = n2(n + 1)21–

4
1–
6

2πk–––– n

f(xn)
––––
f '(xn)

logbx
–––––
logba

n(n – 1) ... (n – r + 1)
–––––––––––––––––

1.2 ... r
n(n – 1)
–––––––

2!

n + 1
r + 1

n
r + 1

n
r

n!––––––––
r!(n – r)!

n
r

n
r

n
2

n
1

a–––––
1 – r

a(rn – 1)––––––––
r – 1

a(1 – rn)––––––––
1 – r

1–
2

1–
2

Infinite series

f(x) = f(0) + xf '(0) + f"(0) + ... + f (r )(0) + ...

f(x) = f(a) + (x – a)f '(a) + f"(a) + ... + + ...

f(a + x) = f(a) + xf '(a) + f"(a) + ... + f(r )(a) + ...

ex = exp(x) = 1 + x + + ... + + ... , all x

ln(1 + x) = x – + – ... + (–1)r+1 + ... , – 1 < x � 1

sin x = x – + – ... + (–1)r + ... , all x

cos x = 1 – + – ... + (–1)r + ... , all x

arctan x = x – + – ... + (–1)r + ... , – 1� x � 1

sinh x = x + + + ... + + ... , all x

cosh x = 1 + + + ... + + ... , all x

artanh x = x + + + ... + + ... , – 1 < x < 1

Hyperbolic functions

cosh2x – sinh2x = 1,   sinh2x = 2sinhx coshx,   cosh2x = cosh2x + sinh2x

arsinh x =  ln(x + ), arcosh x =  ln(x + ), x � 1

artanh x =  ln ( ), |x| < 1

Matrices

Anticlockwise rotation through angle θ, centre O: ( )
Reflection in the line y = x tan θ : ( )cos 2θ sin 2θ

sin 2θ –cos 2θ

cos θ –sin θ
sin θ cos θ

1 + x–––––
1 – x

1–
2

x2 1–x2 1+

x2r+1
––––––––
(2r + 1)

x5
––
5

x3
––
3

x2r
––––
(2r)!

x4
––
4!

x2
––
2!

x2r+1
––––––––
(2r + 1)!

x5
––
5!

x3
––
3!

x2r+1
––––––
2r + 1

x5
––
5

x3
––
3

x2r
––––
(2r)!

x4
––
4!

x2
––
2!

x2r+1
––––––––
(2r + 1)!

x5
––
5!

x3
––
3!

xr
––
r

x3
––
3

x2
––
2

xr
––
r!

x2
––
2!

xr
––
r!

x2
––
2!

(x – a)rf(r)(a)––––––––––
r!

(x – a)2
––––––

2!

xr
––
r!

x2
––
2!
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Cosine rule cos A = (etc.)

a2 = b2 + c2 –2bc cos A (etc.)

Trigonometry

sin (θ ± φ) = sin θ cos φ ± cos θ sin φ
cos (θ ± φ) = cos θ cos φ � sin θ sin φ

tan (θ ± φ) = , [(θ ± φ) ≠ (k + W)π]

For t = tan θ : sin θ = , cos θ = 

sin θ + sin φ = 2 sin (θ + φ) cos (θ – φ)

sin θ – sin φ = 2 cos (θ + φ) sin (θ – φ)

cos θ + cos φ = 2 cos (θ + φ) cos (θ – φ)

cos θ – cos φ = –2 sin (θ + φ) sin (θ – φ)

Vectors and 3-D coordinate geometry

(The position vectors of points A, B, C are a, b, c.)

The position vector of the point dividing AB in the ratio λ:µ 

is 

Line: Cartesian equation of line through A in direction u is

= = (= t)
The resolved part of a in the direction u is 

Plane: Cartesian equation of plane through A with normal n is
n1 x + n2y + n3z + d = 0    where d = –a . n

The plane through non-collinear points A, B and C has vector equation
r = a + s(b – a) + t(c – a) = (1 – s – t) a + sb + tc
The plane through A parallel to u and v has equation
r = a + su + tv

a . u–––––
|u|

z – a3––––––u3

y – a2––––––u2

x – a1––––––u1

µa + λb–––––––
(λ + µ)

1–
2

1–
2

1–
2

1–
2

1–
2

1–
2

1–
2

1–
2

(1 – t2)––––––
(1 + t2)

2t––––––
(1 + t2)

1–
2

tan θ ± tan φ
––––––––––––
1 � tan θ tan φ

b2 + c2 – a2
––––––––––

2bc

Perpendicular distance of a point from a line and a plane

Line:  (x1,y1) from ax + by + c = 0 : 

Plane: (α,β,γ) from n1x + n2y + n3z + d = 0 :

Vector product

a × b = |a| |b| sinθ n̂ = | | = ( )
a. (b × c) = | | = b. (c × a) = c. (a × b)

a × (b × c) = (c . a) b – (a . b) c

Conics

Any of these conics can be expressed in polar
coordinates (with the focus as the origin) as: = 1 + e cos θ
where l is the length of the semi-latus rectum.

Mensuration

Sphere : Surface area = 4πr2

Cone :  Curved surface area = πr ×slant height

l–r

a1 b1  c1
a2 b2  c2
a3 b3  c3

a2b3 – a3b2
a3b1 – a1b3
a1b2 – a2b1

i a1 b1
j a2 b2
k a3 b3

 n1α + n2β + n3γ + d
––––––––––––––––––

√(n1
2 + n2

2 + n3
2)

Rectangular
hyperbolaHyperbolaParabolaEllipse

Standard 
form

––  +  –– = 1 ––  –  –– = 1 x y = c2y2 = 4ax

Parametric form (acosθ, bsinθ) (at2, 2at) (asecθ, btanθ) (ct, ––)

Eccentricity
e < 1

b2 = a2 (1 – e2)
e > 1

b2 = a2 (e2 – 1)
e = 1 e = √2

Foci (± ae, 0) (a, 0) (±c√2, ±c√2)(± ae, 0)

Directrices x = ± – x = ± – x + y = ±c√2x = – a

Asymptotes none none – = ± – x = 0, y = 0

x2

a2
x2

a2
y2

b2
y2

b2

c
t

a
e

a
e

x
a

y
b

ax by c

a b
1 1

2 2

+ +
+

A

a

bc

CB
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Surface area of revolution Sx = 2π∫y ds =  2π∫y√(ẋ2 + ẏ2) dt

Sy = 2π∫x ds =  2π∫x√(ẋ2 + ẏ2) dt
Curvature

κ = =  = 

Radius of curvature ρ = , Centre of curvature  c = r + ρ n̂

L'Hôpital’s rule

If f(a) = g(a) = 0  and g'(a) ≠ 0 then =

Multi-variable calculus

grad g =  ( ) For w = g(x, y, z), δw = δx + δy + δz
∂w
–––
∂z

∂w
–––
∂y

∂w
–––
∂x

∂g/∂x
∂g/∂y
∂g/∂z

f '(a)
––––
g'(a)

f(x)
––––
g(x)

Lim
x ➝ a

1––κ

d2y
–––
dx2

–––––––––––––
dy(1 + [––] 2)3/2

dx

ẋ ÿ – ẍ ẏ
––––––––
(ẋ2 + ẏ2)3/2

dψ
–––
ds

Differentiation f(x) f '(x)
tan kx ksec2 kx
sec x sec x tan x
cot x –cosec2 x
cosec x –cosec x cot x

arcsin x

arccos x

arctan x

sinh x cosh x
cosh x sinh x
tanh x sech2 x

arsinh x

arcosh x

artanh x

Quotient rule y = , =

v – u

Trapezium rule  ∫b

a
ydx ≈ h{(y0 + yn) + 2(y1 + y2 + ... + yn–1)}, where h = 

Integration by parts ∫ u dx  =  uv  –  ∫ v dx

Area of a sector A =  ∫ r2 dθ (polar coordinates)

A =  ∫ (xẏ – yẋ) dt  (parametric form)

Arc length s = ∫ √ (ẋ2 + ẏ2) dt (parametric form)

s = ∫ √ (1 + [ ]
2

) dx (cartesian coordinates)

s = ∫ √ (r2 + [ ]
2

) dθ (polar coordinates)
dr

–––
dθ

dy
–––
dx

1–
2

1–
2

du–––
dx

dv–––
dx

b – a–––––n
1–2

dv–––
dx

du–––
dxdy–––

dx
u–
v

1–––––––
(1 – x2)

1–––––––
√(x2 – 1)

1–––––––
√(1 + x2)

1–––––
1 + x2

–1–––––––
√(1 – x2)

1–––––––
√(1 – x2)

x–
2

Integration f(x) ∫ f(x) dx  (+ a constant)
sec2 kx (l/k) tan kx
tan x ln |sec x|
cot x ln |sin x |
cosec x –ln |cosec x + cot x| = ln |tan |

sec x ln |sec x + tan x| = ln |tan ( + )|
ln | |

arcsin ( ) , |x| < a

arctan( )
ln | | = artanh ( ) , |x| < a

sinh x cosh x
cosh x sinh x
tanh x ln cosh x

arsinh ( )  or  ln (x + ),

arcosh ( )  or  ln (x +              ), x > a , a > 0x–a
1–––––––

√(x2 – a2)

x a2 2+x–a
1–––––––

√(a2 + x2)

x–a
1–a

a + x–––––a – x
1––
2a

1––––––
a2 – x2

x–a
1–a

x–a
1–––––––

√(a2 – x2)

x – a–––––x + a
1––
2a

1––––––
x2 – a2

π–
4

x–
2

x a2 2–

1––––––
a2 + x2

v2



5

M
E

C
H

A
N

IC
S

Centre of mass (uniform bodies)

Triangular lamina: along median from vertex

Solid hemisphere of radius r: r from centre

Hemispherical shell of radius r: r from centre

Solid cone or pyramid of height h: h above the base on the 
line from centre of 
base to vertex

Sector of circle, radius r, angle 2θ: from centre

Arc of circle, radius r, angle 2θ at centre: from centre

Conical shell, height h: h above the base on the
line from the centre of
base to the vertex

Motion in polar coordinates

Motion in a circle

Transverse velocity: v = rθ̇
Radial acceleration: –rθ̇2 = – 

Transverse acceleration: v̇ = rθ̈

General motion

Radial velocity: ṙ
Transverse velocity: rθ̇
Radial acceleration: r̈ – rθ̇2

Transverse acceleration: rθ̈ + 2ṙθ̇ = (r2θ̇)

Moments as vectors

The moment about O of  F acting at r is r × F

d
––
dt

1
–
r

v2
––
r

1–
3

r sin θ–––––––
θ

2r sin θ–––––––
3θ

1–
4

1–
2

3–
8

2–
3

Moments of inertia (uniform bodies, mass M)

Thin rod, length 2l, about perpendicular axis through centre: Ml2

Rectangular lamina about axis in plane bisecting edges of length 2l: Ml2

Thin rod, length 2l, about perpendicular axis through end: Ml2

Rectangular lamina about edge perpendicular to edges of length 2l: Ml2

Rectangular lamina, sides 2a and 2b, about perpendicular
axis through centre: M(a2 + b2)

Hoop or cylindrical shell of radius r about perpendicular 
axis through centre: Mr2

Hoop of radius r about a diameter: Mr2

Disc or solid cylinder of radius r about axis: Mr2

Disc of radius r about a diameter: Mr2

Solid sphere of radius r about a diameter: Mr2

Spherical shell of radius r about a diameter: Mr2

Parallel axes theorem: IA = IG + M(AG)2

Perpendicular axes theorem: Iz = Ix + Iy (for a lamina in the (x, y) plane)

2–
3

2–
5

1–
4

1–
2

1–
2

1–
3

4–
3

4–
3

1–
3

1–
3
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Probability P(A∪ B) = P(A) + P(B) – P(A∩B)

P(A∩B) = P(A) . P(B|A)

P(A|B) = 

Bayes’ Theorem: P(Aj|B) = 

Populations  

Discrete distributions

X is a random variable taking values xi in a discrete distribution with
P(X = xi) = pi

Expectation: µ = E(X) = ∑xi pi

Variance: σ2 = Var(X) = ∑(xi – µ)2 pi = ∑xi
2pi – µ2

For a function g(X): E[g(X)] = ∑g(xi)pi

Continuous distributions

X is a continuous variable with probability density function (p.d.f.) f(x)

Expectation: µ = E(X) = ∫ x f(x)dx

Variance: σ2 = Var (X)
= ∫(x – µ)2 f(x)dx = ∫x2 f(x)dx – µ2

For a function g(X): E[g(X)] = ∫g(x)f(x)dx

Cumulative 
distribution function F(x) = P(X � x) = ∫ x

–∞f(t)dt

Correlation and regression For a sample of n pairs of observations (xi, yi)

Sxx = ∑(xi – )2 = ∑xi
2 – , Syy = ∑(yi – )2 = ∑yi

2 – ,

Sxy = ∑(xi – )(yi – ) = ∑xi yi – 

Covariance     = ∑ = ∑( – )( – )
–

x x y y

n

x y

n
x yi i i i  

Sxy––––n

(∑xi)(∑yi)–––––––––n
yx

(∑yi)
2

–––––ny
(∑xi)

2
–––––nx

P(Aj)P(B |Aj)––––––––––––
∑P(Ai)P(B|Ai)

P(B|A)P(A)––––––––––––––––––––––
P(B|A)P(A) + P(B|A')P(A')

Product-moment correlation: Pearson’s coefficient

r = = =

Rank correlation: Spearman’s coefficient

rs = 1 – 

Regression

Least squares regression line of y on x: y – = b(x – ) 

b = = =

Estimates

Unbiased estimates from a single sample

for population mean µ; Var = 

S2 for population variance σ2 where S2 = ∑(xi – )2fi

Probability generating functions

For a discrete distribution

G(t) = E(tX) 

E(X) = G'(1);  Var(X) = G"(1) + µ – µ2

GX + Y (t) = GX (t) GY (t) for independent X, Y

Moment generating functions:

MX(θ) = E(eθX)

E(X) = M'(0) = µ;    E(Xn) = M(n)(0)

Var(X) = M"(0) – {M'(0)}2

MX + Y(θ) = MX(θ) MY(θ) for independent X, Y

x1––––
n – 1

σ2
––nXX

∑(xi – ) (yi – )
–––––––––––––––

∑(xi – )2

Sxy–––
Sxx

xy

6∑di
2

––––––––
n(n2 – 1)

Σ

Σ Σ

x x y y

x x y y

i i

i i

– –

– –

( )( )
( ) ( )[ ]2 2

S

S S
xy

xx yy

x

x

y
∑

∑

x y

n
x y

x

n
x

i i

i

–

–

 
2

2

∑

∑ −





∑ −















x y

n
x y

x

n
x

y

n
y

i i

i i

–  

2
2

2
2



7

ST
A

T
IST

IC
S

Markov Chains
pn + 1 = pnP

Long run proportion   p = pP

Bivariate distributions

Covariance Cov(X, Y) = E[(X – µX)(Y – µY)] = E(XY) – µXµY

Product-moment correlation coefficient ρ = 

Sum and difference

Var(aX ± bY) = a2Var(X) + b2Var(Y) ± 2ab Cov (X,Y)

If X, Y are independent: Var(aX ± bY) = a2Var(X) + b2Var(Y)

E(XY) = E(X) E(Y)

Coding

X = aX ' + b } ⇒ Cov(X, Y) = ac Cov(X ', Y ')
Y = cY ' + d

Analysis of variance

One-factor model: xij = µ + αi + εij,  where εij ~ N(0,σ2)

SSB = ∑
i
ni ( i – )2 = ∑

i
–

SST = ∑
i 

∑
j  

(xij – )2 = ∑
i 

∑
j  

xij
2 – T2

––nx

T2
––n

Ti
2

–––ni
xx

Cov(X, Y)––––––––σX σY

Regression

εi ~ N(0, σ2)      a, b, c are estimates for α, β, γ. σ̂2 = 

For the model Yi = α + βxi + εi,

b = ,  b ~ N(β, ) ,  ~ tn–2

a = – b , a ~ N(α, )
a + bx0 ~ N(α + βx0, σ2 { +              }
RSS = Syy –             = Syy(1 – r2)

Randomised response technique

E(p̂) =  Var(p̂) = 

Factorial design

Interaction between 1st and 2nd of 3 treatments

(–) { – }
Exponential smoothing

ŷn+1 = αyn + α(1 – α)yn–1 + α(1 – α)2 yn–2 + ... + α(1 – α)n–1 y1

+ (1 – α)ny0
ŷn+1 = ŷn + α(yn – ŷn)

ŷn+1 = αyn + (1 – α) ŷn

(ABc – aBc) + (ABC – aBC)
––––––––––––––––––––––

2

(Abc – abc) + (AbC – abC)
–––––––––––––––––––––

2

[(2θ – 1) p + (1 – θ)][θ – (2θ – 1)p]
––––––––––––––––––––––––––––––

n(2θ – 1)2

y–n – (1 – θ)
––––––––––

(2θ – 1)

1–n

σ2∑xi
2

–––––––
n Sxx

xy

b

Sxx

− β
σ̂ /2

σ2
–––
Sxx

Sxy–––
Sxx

RSS––––
n – p

Yi

α + βxi + εi

α + βf(xi) + εi

α + βxi + γzi + εi

RSS

∑(yi – a – bxi)
2

∑(yi – a – bf(xi))
2

∑(yi – a – bxi – czi)
2

No. of parameters, p

2

2

3

(x0 – )2

–––––––
Sxx

x

(Sxy)
2

–––––
Sxx
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Description

Pearson’s product
moment 
correlation test

Spearman rank 
correlation test

Normal test for 
a mean

t-test for a mean

χ2 test

Normal test for the
difference in the
means of 2 samples
with different 
variances

Test statistic Distribution

r =

rs = 1 –

Description Test statistic Distribution

∑

∑





∑















x y

n
x y

x

n
x

y

n
y

i i

i i

–

– –

 

2
2

2
2

6∑di
2

–––––––
n(n2 – 1)

x

n

–

/

µ
σ

x

s n

–
/

µ

f f

f
o e

e

–( )∑
2

(n1 – 1)s1
2 + (n2 – 1)s2

2

–––––––––––––––––––––––
n1 + n2 – 2

( – ) – ( – )x y

s
n n

µ µ1 2

1 2

1 1+

( – ) – ( – )x y

n n

µ µ
σ σ

1 2

1
2

1

2
2

2

+

N(0, 1)

N(0, 1)

tn1 + n2 – 2

tn–1

χ 2
v

See tables

See tables

χ2
n – 1

N(0, 1)

Wilcoxon single
sample test

Wilcoxon Rank-sum
(or Mann-Whitney)
2-Sample test

Normal test on 
binomial proportion

χ2 test for variance

F-test on ratio of 
two variances

A statistic T is calculated
from the ranked data.

Samples size m, n: m � n
Wilcoxon  
W = sum of ranks of 

sample size m
Mann-Whitney 
T = W –   m(m + 1)

p

n

–

( – )

θ
θ θ1





n s–1 2

2

( )
σ

1–
2

Fn
1
–1, n

2
–1

t-test for 
paired sample

t with (n – 1) 
degrees of
freedom

x x

s
1 2– –( ) µ

/ n

t-test for the 
difference in the
means of 
2 samples

where s2 =

s1
2 /σ1

2

–––––––
s2

2 /σ2
2

,  s1
2 > s2

2
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Name

Binomial B(n, p)
Discrete

Poisson (λ) 
Discrete

Normal N(µ, σ2)
Continuous

Uniform (Rectangular) on
[a, b] Continuous

Exponential 
Continuous

Geometric 
Discrete

Negative binomial 
Discrete

Function

P(X = r) = nCr q
n–rpr ,

for r = 0, 1, ... ,n ,  0 < p < 1, q = 1 – p

P(X = r) = e–λ ,

for r = 0, 1, ...  ,  λ > 0

f(x) =             exp (–W( )2),

–∞ < x < ∞

f(x) =               ,   a � x � b

f(x) = λe–λx ,    x � 0,  λ > 0

P(X = r) = qr – 1p ,   r = 1, 2, ... ,

0 < p < 1      ,  q = 1 – p

P(X = r) = r – 1Cn – 1 qr – n pn ,

r = n, n + 1, ... ,

0 < p < 1  ,         q = 1 – p

Mean Variance

λ

µ

(b – a)2a + b–––––
2

1––λ
1––
λ2

λ

σ2

p.g.f. G(t) (discrete)
m.g.f. M(θθ) (continuous)

G(t) = (q + pt)n

G(t) = eλ(t – 1)

M(θ) = exp(µθ + Wσ2θ2)

M(θ) =     

G(t) = ( )n

G(t) = 

M(θ) =

nq
––
p2

n
––
p

1
––
p

q
––
p2

np npq

λr
–––
r!

pt
–––––
1 – qt

pt
–––––
1 – qt

λ
–––––λ – θ

ebθ – eaθ
–––––––––
(b – a)θ

1

2σ π
x – µ
–––––σ

1––
12

1
–––––
b – a
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Numerical Solution of Equations

The Newton-Raphson iteration for solving f(x) = 0 : xn + 1 = xn – 

Numerical integration

The trapezium rule

∫b

a
ydx ≈ h{(y0 + yn) + 2(y1 + y2 + ... + yn–1)}, where h = 

The mid-ordinate rule

∫b

a
ydx ≈ h(y + y1 + ... + yn–1 + yn– ), where h = 

Simpson’s rule

for n even

∫b

a
ydx ≈ h{(y0 + yn) + 4(y1 + y3 + ... + yn–1) + 2(y2 + y4 + ... + yn–2)}, 

where h = 

The Gaussian 2-point integration rule

Interpolation/finite differences

Lagrange’s polynomial : Pn(x) = ∑ Lr(x)f(x) where Lr(x) = ∏
n

i=0
i≠r

Newton’s forward difference interpolation formula

f(x) = f(x0) + ∆f(x0) + ∆2f(x0) + ...

Newton’s divided difference interpolation formula

f(x) = f[x0] + (x – x0]f[x0, x1] + (x – x0) (x – x1)f[x0, x1, x2] + ...

Numerical differentiation

f"(x) ≈ f(x + h) – 2f(x) + f(x – h)–––––––––––––––––––––
h2

(x – x0)(x – x1)
––––––––––––

2!h2
(x – x0)
––––––

h

x – xi––––––xr – xi

b – a–––––n

1–3

b – a–––––n1–
2

1–
2

1–
2

1–
2

b – a–––––n
1–2

f(xn)
––––
f '(xn)

Taylor polynomials

f(a + h) = f(a) + hf '(a) + f"(a) + error

f(a + h) = f(a) + hf '(a) + f"(a + ξ),  0 < ξ < h

f(x)       = f(a) + (x – a)f '(a) + f"(a) + error

f(x)       = f(a) + (x – a)f '(a) + f"(η) , a < η < x

Numerical solution of differential equations

For  = f(x, y):

Euler’s method : yr + 1 = yr + hf(xr, yr);   xr+1 = xr + h

Runge-Kutta method (order 2) (modified Euler method)

yr + 1 = yr + (k1 + k2)

where k1 = h f(xr, yr), k2 = h f(xr + h, yr + k1)

Runge-Kutta method, order 4:  

yr+1 = yr + (k1 + 2k2 + 2k3 + k4),

where k1 = hf(xr, yr) k2 = hf(xr + h, yr + k1) 

k3 = hf(xr + h, yr + k2) k4 = hf(xr + h, yr + k3).

Logic gates

1–2
1–2

1–2
1–2

1–6

1–2

dy
––
dx

(x – a)2
––––––

2!

(x – a)2
––––––

2!

h2
–––
2!

h2
–––
2!

f d( )
–

x x h
h h

h

h
≈ −





+ 











∫ f f

3 3

NOT

OR

AND

NAND
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Statistical Tables

12 – 17 Cumulative binomial probability

18 – 20 Cumulative Poisson probability

21 Critical values for correlation coefficients

22 The Normal distribution and its inverse

23 Percentage points of the χ2 distribution

23 Percentage points of the t-distribution

24 – 25 Critical values for the F-test

26 – 27 Critical values for the Mann-Whitney test

28 – 29 Critical values for the Wilcoxon Rank Sum 2-sample test

30 Critical values for the Wilcoxon Single sample and Paired sample tests

30 Shewhart Chart: Action and Warning lines

31 Estimation of standard deviation from range

31 – 32 Random permutations
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Critical Values for the Wilcoxon Rank Sum 2-Sample Test

m n

2 2 – – – –
2 3 – – – –
2 4 – – – –
2 5 3 – – –
2 6 3 – – –
2 7 3 – – –
2 8 4 3 – –
2 9 4 3 – –
2 10 4 3 – –
2 11 4 3 – –
2 12 5 4 – –
2 13 5 4 3 –
2 14 6 4 3 –
2 15 6 4 3 –
2 16 6 4 3 –
2 17 6 5 3 –
2 18 7 5 3 –
2 19 7 5 4 3
2 20 7 5 4 3
2 21 8 6 4 3
2 22 8 6 4 3
2 23 8 6 4 3
2 24 9 6 4 3
2 25 9 6 4 3

3 3 6 – – –
3 4 6 – – –
3 5 7 6 – –
3 6 8 7 – –
3 7 8 7 6 –
3 8 9 8 6 –
3 9 10 8 7 6
3 10 10 9 7 6
3 11 11 9 7 6
3 12 11 10 8 7
3 13 12 10 8 7

1 – tail
2 – tail

5%
10%

21/2%

5%
1%
2%

1/2%

1%

m n

3 14 13 11 8 7
3 15 13 11 9 8 
3 16 14 12 9 8
3 17 15 12 10 8
3 18 15 13 10 8
3 19 16 13 10 9
3 20 17 14 11 9
3 21 17 14 11 9
3 22 18 15 12 10
3 23 19 15 12 10
3 24 19 16 12 10
3 25 20 16 13 11

4 4 11 10 – –
4 5 12 11 10 –
4 6 13 12 11 10
4 7 14 13 11 10
4 8 15 14 12 11
4 9 16 14 13 11
4 10 17 15 13 12
4 11 18 16 14 12
4 12 19 17 15 13
4 13 20 18 15 13
4 14 21 19 16 14
4 15 22 20 17 15
4 16 24 21 17 15
4 17 25 21 18 16
4 18 26 22 19 16
4 19 27 23 19 17
4 20 28 24 20 18
4 21 29 25 21 18
4 22 30 26 21 19
4 23 31 27 22 19
4 24 32 27 23 20
4 25 33 28 23 20

1 – tail
2 – tail

5%
10%

21/2%

5%
1%
2%

1/2%

1%

m n

5 5 19 17 16 15
5 6 20 18 17 16
5 7 21 20 18 16
5 8 23 21 19 17
5 9 24 22 20 18
5 10 26 23 21 19
5 11 27 24 22 20
5 12 28 26 23 21
5 13 30 27 24 22
5 14 31 28 25 22
5 15 33 29 26 23
5 16 34 30 27 24
5 17 35 32 28 25
5 18 37 33 29 26
5 19 38 34 30 27
5 20 40 35 31 28
5 21 41 37 32 29
5 22 43 38 33 29
5 23 44 39 34 30
5 24 45 40 35 31
5 25 47 42 36 32

6 6 28 26 24 23
6 7 29 27 25 24
6 8 31 29 27 25
6 9 33 31 28 26

1 – tail
2 – tail

5%
10%

21/2%

5%
1%
2%

1/2%

1%

m n

6 10 35 32 29 27
6 11 37 34 30 28
6 12 38 35 32 30
6 13 40 37 33 31
6 14 42 38 34 32
6 15 44 40 36 33
6 16 46 42 37 34
6 17 47 43 39 36
6 18 49 45 40 37
6 19 51 46 41 38
6 20 53 48 43 39
6 21 55 50 44 40
6 22 57 51 45 42
6 23 58 53 47 43
6 24 60 54 48 44
6 25 62 56 50 45

7 7 39 36 34 32
7 8 41 38 35 34
7 9 43 40 37 35
7 10 45 42 39 37
7 11 47 44 40 38
7 12 49 46 42 40
7 13 52 48 44 41
7 14 54 50 45 43
7 15 56 52 47 44
7 16 58 54 49 46
7 17 61 56 51 47
7 18 63 58 52 49
7 19 65 60 54 50
7 20 67 62 56 52
7 21 69 64 58 53
7 22 72 66 59 55
7 23 74 68 61 57
7 24 76 70 63 58
7 25 78 72 64 60

1 – tail
2 – tail

5%
10%

21/2%

5%
1%
2%

1/2%

1%

m n

8 8 51 49 45 43
8 9 54 51 47 45
8 10 56 53 49 47
8 11 59 55 51 49
8 12 62 58 53 51
8 13 64 60 56 53
8 14 67 62 58 54
8 15 69 65 60 56
8 16 72 67 62 58
8 17 75 70 64 60
8 18 77 72 66 62
8 19 80 74 68 64
8 20 83 77 70 66
8 21 85 79 72 68
8 22 88 81 74 70
8 23 90 84 76 71
8 24 93 86 78 73
8 25 96 89 81 75

9 9 66 62 59 56
9 10 69 65 61 58
9 11 72 68 63 61
9 12 75 71 66 63
9 13 78 73 68 65
9 14 81 76 71 67
9 15 84 79 73 69
9 16 87 82 76 72
9 17 90 84 78 74
9 18 93 87 80 76
9 19 96 90 83 78
9 20 99 93 85 81
9 21 102 95 88 83
9 22 105 98 90 85
9 23 108 101 93 88
9 24 111 104 95 90
9 25 114 107 98 92

1 – tail
2 – tail

5%
10%

21/2%

5%
1%
2%

1/2%

1%

The critical values in these tables are 
for the Wilcoxon Rank Sum 2-sample
test statistic, W. Critical values for 
the Mann-Whitney test statistic, T, may
be derived by subtracting m(m + 1)
(where m is the size of the sample from
which the rank sum has been obtained).

1–
2
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m n

10 10 82 78 74 71
10 11 86 81 77 73
10 12 89 84 79 76
10 13 92 88 82 79
10 14 96 91 85 81
10 15 99 94 88 84
10 16 103 97 91 86
10 17 106 100 93 89
10 18 110 103 96 92
10 19 113 107 99 94
10 20 117 110 102 97
10 21 120 113 105 99
10 22 123 116 108 102
10 23 127 119 110 105
10 24 130 122 113 107
10 25 134 126 116 110

11 11 100 96 91 87
11 12 104 99 94 90
11 13 108 103 97 93
11 14 112 106 100 96
11 15 116 110 103 99
11 16 120 113 107 102
11 17 123 117 110 105
11 18 127 121 113 108
11 19 131 124 116 111
11 20 135 128 119 114
11 21 139 131 123 117
11 22 143 135 126 120
11 23 147 139 129 123
11 24 151 142 132 126
11 25 155 146 136 129

1 – tail
2 – tail

5%
10%

21/2%

5%
1%
2%

1/2%

1%

m n

12 12 120 115 109 105
12 13 125 119 113 109
12 14 129 123 116 112
12 15 133 127 120 115
12 16 138 131 124 119
12 17 142 135 127 122
12 18 146 139 131 125
12 19 150 143 134 129
12 20 155 147 138 132
12 21 159 151 142 136
12 22 163 155 145 139
12 23 168 159 149 142
12 24 172 163 153 146
12 25 176 167 156 149

13 13 142 136 130 125
13 14 147 141 134 129
13 15 152 145 138 133
13 16 156 150 142 136
13 17 161 154 146 140
13 18 166 158 150 144
13 19 171 163 154 148
13 20 175 167 158 151
13 21 180 171 162 155
13 22 185 176 166 159
13 23 189 180 170 163
13 24 194 185 174 166
13 25 199 189 178 170

1 – tail
2 – tail

5%
10%

21/2%

5%
1%
2%

1/2%

1%

m n

14 14 166 160 152 147
14 15 171 164 156 151
14 16 176 169 161 155
14 17 182 174 165 159
14 18 187 179 170 163
14 19 192 183 174 168
14 20 197 188 178 172
14 21 202 193 183 176
14 22 207 198 187 180
14 23 212 203 192 184
14 24 218 207 196 188
14 25 223 212 200 192

15 15 192 184 176 171
15 16 197 190 181 175
15 17 203 195 186 180
15 18 208 200 190 184
15 19 214 205 195 189
15 20 220 210 200 193
15 21 225 216 205 198
15 22 231 221 210 202
15 23 236 226 214 207
15 24 242 231 219 211
15 25 248 237 224 216

16 16 219 211 202 196
16 17 225 217 207 201
16 18 231 222 212 206

1 – tail
2 – tail

5%
10%

21/2%

5%
1%
2%

1/2%

1%

m n

16 19 237 228 218 210
16 20 243 234 223 215
16 21 249 239 228 220
16 22 255 245 233 225
16 23 261 251 238 230
16 24 267 256 244 235
16 25 273 262 249 240

17 17 249 240 230 223
17 18 255 246 235 228
17 19 262 252 241 234
17 20 268 258 246 239
17 21 274 264 252 244
17 22 281 270 258 249
17 23 287 276 263 255
17 24 294 282 269 260
17 25 300 288 275 265

18 18 280 270 259 252
18 19 287 277 265 258
18 20 294 283 271 263
18 21 301 290 277 269
18 22 307 296 283 275
18 23 314 303 289 280
18 24 321 309 295 286
18 25 328 316 301 292

1 – tail
2 – tail

5%
10%

21/2%

5%
1%
2%

1/2%

1%

m n

19 19 313 303 291 283
19 20 320 309 297 289
19 21 328 316 303 295
19 22 335 323 310 301
19 23 342 330 316 307
19 24 350 337 323 313
19 25 357 344 329 319

20 20 348 337 324 315
20 21 356 344 331 322
20 22 364 351 337 328
20 23 371 359 344 335
20 24 379 366 351 341
20 25 387 373 358 348

21 21 385 373 359 349
21 22 393 381 366 356
21 23 401 388 373 363
21 24 410 396 381 370
21 25 418 404 388 377

22 22 424 411 396 386
22 23 432 419 403 393
22 24 441 427 411 400
22 25 450 435 419 408

23 23 465 451 434 424
23 24 474 459 443 431
23 25 483 468 451 439

24 24 507 492 475 464
24 25 517 501 484 472

25 25 552 536 517 505

1 – tail
2 – tail

5%
10%

21/2%

5%
1%
2%

1/2%

1%

For larger values of m, n it is usually adequate to use a Normal approximation, with continuity correction,

with mean mn + m(m + 1) and variance mn(m + n + 1)1
––
12

1
–
2

1
–
2



Group Size

n

2

3

4

5

6

7

8

9

10

D1

0.00

0.04

0.10

0.16

0.21

0.26

0.29

0.33

0.35

D3

0.04

0.18

0.29

0.37

0.42

0.46

0.50

0.52

0.54

D2

4.12

2.99

2.58

2.36

2.22

2.12

2.05

1.99

1.94

D4

2.81

2.18

1.94

1.80

1.72

1.66

1.62

1.58

1.55

Action Lines Warning Lines

The action and warning lines are obtained by multiplying the values in the
table by the mean range of the values obtained from the process.
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n

2 – – – –
3 – – – –
4 – – – –
5 0 – – –

6 2 0 – –
7 3 2 0 –
8 5 3 1 0
9 8 5 3 1

10 10 8 5 3

11 13 10 7 5
12 17 13 9 7
13 21 17 12 9
14 25 21 15 12
15 30 25 19 15

16 35 29 23 19
17 41 34 27 23
18 47 40 32 27
19 53 46 37 32
20 60 52 43 37

21 67 58 49 42
22 75 65 55 48
23 83 73 62 54
24 91 81 69 61
25 100 89 76 68

5%
10%

1 – tail
2 – tail

21/2%
5%

1%
2%

1/2%
1%

n

26 110 98 84 75
27 119 107 92 83
28 130 116 101 91
29 140 126 110 100
30 151 137 120 109

31 163 147 130 118
32 175 159 140 128
33 187 170 151 138
34 200 182 162 148
35 213 195 173 159

36 227 208 185 171
37 241 221 198 182
38 256 235 211 194
39 271 249 224 207
40 286 264 238 220

41 302 279 252 233
42 319 294 266 247
43 336 310 281 261
44 353 327 296 276
45 371 343 312 291

46 389 361 328 307
47 407 378 345 322
48 426 396 362 339
49 446 415 379 355
50 466 434 397 373

5%
10%

1 – tail
2 – tail

21/2%
5%

1%
2%

1/2%
1%

For larger values of n, the Normal approximation with mean , 

variance should be used for T = min [P,Q].
n(n + 1)(2n + 1)
–––––––––––––

24

n(n + 1)
–––––––

4

Action and Warning lines for Shewhart Chart for Ranges Critical values for the Wilcoxon Single Sample and Paired Sample tests
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68236 35335 71329 96803 24413
62385 36545 59305 59948 17232
64058 80195 30914 16664 50818
64822 68554 90952 64984 92295
17716 22164 05161 04412 59002

03928 22379 92325 79920 99070
11021 08533 83855 37723 77339
01830 68554 86787 90447 54796
36782 73208 93548 77405 58355
58158 45059 83980 40176 40737

91239 10532 27993 11516 61327
27073 98804 60544 12133 01422
81501 00633 62681 84319 03374
64374 26598 54466 94768 19144
29896 26739 30871 29795 13472

38996 72151 65746 16513 62796
73936 81751 00149 99126 23117
18795 93118 84105 18307 49807
76816 99822 92314 45035 43490
12091 60413 90467 42457 50490

41538 19059 69055 94355 84262
12909 04950 14986 08205 53582
49185 94608 87317 37725 66450
37771 48526 14939 32848 77677
22532 13814 69092 78342 37774

60132 24386 10989 54346 41531
23784 56693 45902 33406 53867
03081 20189 77226 89923 67301
51273 64049 19919 45518 43243
03281 40214 60679 68712 71636

Random Numbers

Estimation of standard deviation from range

Random permutations (size 4)

3 1 2 4
2 3 1 4
4 2 3 1
1 3 2 4
2 4 3 1

4 3 1 2
2 1 4 3
4 3 1 2
2 3 4 1
3 2 1 4

1 4 3 2
1 4 2 3
2 3 1 4
4 1 3 2
2 1 4 3

2 3 1 4
2 3 4 1
3 1 4 2
4 3 2 1
2 3 4 1

1 4 2 3
2 4 3 1
1 2 4 3
2 3 4 1
4 3 1 2

1 4 2 3
3 4 1 2
2 4 1 3
1 4 3 2
1 3 2 4

1 4 3 2
2 4 1 3
3 4 1 2
4 2 1 3
3 2 4 1

3 2 4 1
1 2 3 4
4 3 1 2
1 2 4 3
4 1 2 3

2 4 3 1
4 3 1 2
3 1 2 4
1 4 2 3
1 2 4 3

2 4 3 1
4 1 2 3
3 1 2 4
3 4 2 1
3 4 2 1

4 3 2 1
2 3 1 4
3 1 4 2
2 4 1 3
1 3 4 2

1 3 4 2
2 4 3 1
3 1 2 4
4 2 1 3
4 1 2 3

2 4 3 1
4 1 2 3
1 2 3 4
1 3 4 2
4 3 2 1

3 2 1 4
1 4 3 2
4 2 3 1
4 3 2 1
4 2 1 3

3 2 1 4
3 4 1 2
4 3 1 2
2 3 4 1
4 3 2 1

4 3 1 2
2 4 1 3
3 4 1 2
1 4 3 2
3 1 2 4

4 3 2 1
3 1 4 2
1 4 3 2
4 3 2 1
1 3 2 4

3 4 1 2
3 4 1 2
3 2 1 4
1 4 2 3
3 4 1 2

2 1 4 3
1 4 2 3
4 2 3 1
4 2 3 1
3 2 4 1

2 3 1 4
3 2 1 4
4 1 2 3
4 2 3 1
2 3 4 1

4 1 3 2
1 3 4 2
4 3 2 1
2 4 3 1
1 4 3 2

2 1 4 3
1 4 2 3
3 4 2 1
2 3 1 4
4 2 1 3

4 1 2 3
4 3 1 2
3 4 2 1
4 3 1 2
2 3 4 1

3 2 1 4
1 3 4 2
4 1 3 2
2 1 4 3
4 3 1 2

n an n an n an n an

2 0.8862 5 0.4299 8 0.3512 11 0.3152

3 0.5908 6 0.3946 9 0.3367 12 0.3069

4 0.4857 7 0.3698 10 0.3249 13 0.2998
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5 2 3 4 1
2 5 1 3 4
4 5 3 2 1
2 5 3 4 1
5 2 3 1 4

3 5 1 4 2
2 3 4 1 5
1 2 5 4 3
2 4 1 5 3
2 5 1 3 4

3 4 1 5 2
2 1 5 3 4
2 4 1 3 5
5 1 3 2 4
3 2 4 1 5

5 2 4 3 1
3 2 4 5 1
3 4 1 5 2
4 2 1 5 3
4 2 1 5 3

2 1 4 3 5
5 3 2 4 1
2 4 3 5 1
4 1 5 3 2
2 4 5 1 3

5 3 4 1 2
5 1 2 4 3
5 2 4 1 3
4 5 2 1 3
5 2 4 1 3

3 5 4 1 2
5 2 1 4 3
5 1 3 4 2
2 1 5 3 4
2 3 4 5 1

1 3 5 4 2
5 1 4 2 3
3 5 1 2 4
3 4 1 5 2
2 5 1 3 4

4 2 3 5 1
3 1 2 4 5
2 1 4 3 5
1 5 3 4 2
5 3 4 1 2

5 4 3 2 1
4 5 2 3 1
2 4 5 3 1
1 2 3 5 4
3 5 2 1 4

5 2 3 1 4
3 1 4 2 5
3 1 5 2 4
4 2 3 5 1
1 5 3 4 2

1 5 2 4 3
4 5 3 1 2
1 5 3 4 2
1 5 3 4 2
2 3 5 1 4

1 4 3 5 2
1 3 5 4 2
3 5 2 1 4
1 3 5 2 4
3 5 4 1 2

1 2 3 4 5
4 3 1 2 5
5 2 3 1 4
2 5 3 4 1
2 5 3 1 4

5 4 2 3 1
1 5 3 2 4
1 2 5 3 4
3 5 4 2 1
3 4 2 5 1

4 1 5 3 2
5 3 1 4 2
1 5 2 3 4
4 3 5 1 2
1 2 3 5 4

3 1 5 4 2
5 3 2 4 1
2 1 5 4 3
1 4 3 2 5
2 5 4 3 1

5 1 4 3 2
2 5 3 4 1
3 4 1 2 5
4 1 2 5 3
5 4 2 1 3

3 2 1 5 4
1 4 5 2 3
1 2 3 5 4
4 5 1 3 2
1 3 5 2 4

3 4 1 5 2
5 3 1 4 2
3 5 4 1 2
1 2 5 4 3
5 1 4 3 2

5 2 4 3 1
5 1 4 2 3
2 5 4 1 3
4 1 5 3 2
4 1 5 3 2

5 4 3 1 2
2 1 3 5 4
4 3 5 2 1
2 4 3 5 1
3 1 5 4 2

3 5 4 1 2
3 4 5 2 1
2 5 4 1 3
2 1 5 4 3
3 5 2 1 4

5 3 1 2 4
5 1 3 4 2
1 5 3 2 4
1 5 2 4 3
2 3 5 1 4

5 8 1 6 7 9 2 10 3 4
7 2 4 8 6 1 3 10 5 9
10 1 2 4 9 3 7 5 6 8
5 2 6 7 1 3 10 9 4 8
5 1 8 4 9 6 3 10 7 2

3 2 7 6 10 8 5 1 4 9
10 6 5 9 7 4 3 1 2 8
8 4 7 9 10 6 3 1 2 5
5 9 2 4 3 7 1 6 8 10
10 8 7 4 5 9 3 6 2 1

6 9 5 7 2 10 8 3 4 1
10 8 2 6 3 7 4 9 5 1
6 3 4 8 5 10 2 9 7 1
9 4 7 10 6 2 1 5 8 3
9 3 7 8 2 5 4 6 1 10

3 2 9 4 1 6 10 7 8 5
7 2 10 9 1 4 3 5 8 6
1 10 3 4 6 2 9 8 7 5
7 9 2 1 6 3 10 4 8 5
1 5 6 9 2 8 3 7 4 10

10 4 7 5 8 3 1 6 2 9
9 10 6 5 7 3 1 8 4 2
4 8 2 9 10 1 7 5 3 6
3 8 5 2 9 7 4 6 10 1
9 3 4 7 1 6 10 2 5 8

1 4 7 3 8 10 5 6 9 2
3 7 8 9 5 4 2 6 10 1
4 9 10 2 3 1 8 5 6 7
9 5 10 4 1 6 7 8 3 2
9 3 6 4 7 2 5 1 10 8

5 1 3 6 7 8 9 10 2 4
2 8 5 4 6 10 1 3 7 9
9 10 8 6 7 2 3 1 4 5
5 8 10 3 6 9 1 7 4 2
5 10 7 2 4 8 3 1 9 6

6 4 3 2 10 5 7 8 9 1
4 7 8 1 6 10 2 9 5 3
1 7 8 9 3 4 2 6 5 10
6 9 1 3 7 2 5 8 4 10
5 9 2 7 10 3 4 6 1 8

8 2 5 7 9 10 1 4 6 3
3 5 8 6 1 9 2 10 7 4
9 1 3 10 7 4 6 5 8 2
6 3 10 9 7 4 5 1 2 8
8 4 10 3 9 5 7 6 1 2

6 9 2 5 8 3 10 4 7 1
9 6 1 4 2 5 10 7 3 8
9 1 6 8 2 3 10 5 7 4
4 6 10 8 1 9 7 5 3 2
5 6 2 7 1 4 8 9 3 10

10 6 8 2 9 5 4 1 7 3
7 3 6 5 2 8 9 10 4 1
9 6 1 3 4 8 10 2 5 7
2 6 5 1 9 8 7 3 4 10
8 4 7 9 1 10 5 6 2 3

8 1 9 10 3 5 4 2 6 7
9 10 8 1 4 2 6 7 3 5
2 9 8 4 5 6 1 10 3 7
10 2 1 7 4 9 8 5 3 6
10 6 3 1 8 9 7 2 4 5

4 8 7 9 6 10 3 5 2 1
2 3 1 8 9 5 6 10 4 7
9 2 8 1 10 6 3 5 7 4
10 5 8 2 6 9 4 1 7 3
3 4 1 2 9 5 8 10 7 6

1 3 4 2 6 10 9 5 8 7
3 4 5 8 9 7 10 1 2 6
7 5 10 2 1 8 6 9 3 4
2 5 7 3 6 1 8 10 4 9
2 4 9 3 5 1 7 8 6 10

3 5 8 1 2 4 7 6 9 10
2 4 6 8 7 1 9 3 10 5
8 5 6 4 1 7 10 2 3 9
7 3 10 5 6 4 2 9 8 1
9 7 8 3 6 5 1 4 10 2

9 8 1 10 5 3 2 7 4 6
8 10 7 4 6 3 5 2 9 1
2 10 4 1 9 7 6 3 8 5
7 9 3 6 4 10 1 2 5 8
8 1 9 2 3 7 4 10 5 6

Random permutations (size 5) Random permutations (size 10)


